In this paper, for a Jacobi algebroid (A, ρ), by introducing the notion of Jacobi quasi-Nijenhuis algebroids, which is a generalization of Poisson quasi-Nijenhuis manifolds introduced in [31] by Stiénon and Xu, we study generalized complex structures on the Courant-Jacobi algebroid A ⊕ A * , which unify generalized complex (contact) structures on an even(odd)-dimensional manifold. In this paper, for a Jacobi algebroid (A, ρ), we study Jacobi quasi-Nijenhuis structures. As an application, we study generalized complex structures on the Courant-Jacobi algebroid A⊕A * , which unify generalized complex structures on an even-dimensional manifold and generalized contact structures on an odddimensional manifold. By definition, a Jacobi quasi-Nijenhuis algebroid is a quadruple ((A, ρ), π, N, φ), where (A, ρ) is a Jacobi algebroid, π ∈ Γ(∧ 2 A) is a Jacobi bi-vector field, N ∈ Γ(A * ⊗ A) is compatible with π, and φ ∈ Γ(∧ 3 A * ) satisfying φ = 0 and (i N φ) = 0, such that the Nijenhuis torsion T (N ) of N can be expressed as
Introduction
The notion of Poisson quasi-Nijenhuis manifolds was introduced in [31] by Stiénon and Xu. In [1] , the author studied Poisson quasi-Nijenhuis structures with background. One can study generalized complex structures in term of Poisson quasi-Nijenhuis structures. Generalized complex structures were introduced by Hitchin [15] and further studied by Gualtieri [14] as a bridge of symplectic and complex structures. Note that only on even-dimensional manifolds, there are generalized complex structures. In [19] , IglesiasPonte and Wade gave the odd-dimensional analogue of the concept of generalized complex structures under the name of generalized contact structures.
Jacobi structures on a manifold M are local Lie algebra structures [20] on C ∞ (M ). It contains a bivector field Λ and a vector field X such that [Λ, Λ] = 2X ∧ Λ and [X, Λ] = 0. In [18] , Iglesias and Marrero introduced the notion of generalized Lie bialgebroids in such a way that the base manifold is a Jacobi manifold. The same object was introduced in [12] by Grabowski and Marmo under the name of Jacobi bialgebroids. Similar as the fact that the double of a Lie bialgebroid is a Courant algebroid, the double of a generalized Lie bialgebroid (Jacobi bialgebroid) is a generalized Courant algebroid (Courant-Jacobi algebroid). These topics are widely studied [2] , [3] , [4] , [11] , [12] , [13] , [18] , [26] , [27] , [28] .
In this paper, for a Jacobi algebroid (A, ρ), we study Jacobi quasi-Nijenhuis structures. As an application, we study generalized complex structures on the Courant-Jacobi algebroid A⊕A * , which unify generalized complex structures on an even-dimensional manifold and generalized contact structures on an odddimensional manifold. By definition, a Jacobi quasi-Nijenhuis algebroid is a quadruple ((A, ρ), π, N, φ), where (A, ρ) is a Jacobi algebroid, π ∈ Γ(∧ 2 A) is a Jacobi bi-vector field, N ∈ Γ(A * ⊗ A) is compatible with π, and φ ∈ Γ(∧ 3 A * ) satisfying φ = 0 and (i N φ) = 0, such that the Nijenhuis torsion T (N ) of N can be expressed as T (N )(X, Y ) = π ♯ (i X∧Y φ), ∀ X, Y ∈ Γ(A).
We generalize some well known results and formulas which hold in the case of Poisson quasi-Nijenhuis manifolds. The biggest obstruction is that in the frame work of "Jacobi" world, the differential and the 0 Keyword: quasi-Jacobi bialgebroids, Jacobi quasi-Nijenhuis algebroids, generalized complex structures, generalized contact structures, locally conformal symplectic structures 0 MSC: Primary 17B65. Secondary 18B40, 58H05. [
We usually denote a Lie algebroid by (A, [·, ·], a), or A if there is no confusion. For a (1, 1)-tensor N ∈ Γ(A * ⊗ A), the Nijenhuis torsion T (N ) :
If T (N ) = 0, N is called a Nijenhuis operator on the Lie algebroid A. We can also introduce a new bracket [·, ·] N on Γ(A) which is defined as follows:
If N is a Nijenhuis operator, [·, ·] N is also a Lie bracket and N is a Lie algebroid morphism from Lie
A Jacobi algebroid is a Lie algebroid (A, [·, ·], a) together with a 1-cocycle φ 0 ∈ Γ(A * ) and we denote it by (A, φ 0 ). There is a φ 0 -bracket [·, ·] φ0 on Γ(∧ • A), which is given by
for any P ∈ Γ(∧ p A) and Q ∈ Γ(∧ q A).
In fact, a Jacobi algebroid (A, φ 0 ) is equivalent to the Lie algebroid (A, [·, ·], a) together with a represen-
The representation is given by
One can easily prove that ρ is a representation if and only if φ 0 is a 1-cocycle. More generally we have
n if and only if θ satisfies the Maurer-Cartan equation, more precisely,
Proof. By straightforward computations, we have
, therefore, after comparing the values in T M and M × gl(n), we obtain the required result. Conversely, for the Lie algebroid (A, [·, ·], a) and a representation ρ :
Then we can obtain a 1-cocycle 1 ∈ Γ(A * ). Obviously, if the representation ρ is given by (4), then
Therefore, we have = d φ0 , the φ 0 -differential. Consequently for any X ∈ Γ(A), we can define the Lie derivative
by Cantan formula:
Remark 2.2. We should be very careful that since is no longer a derivation, L X is not a derivation. Therefore, the induced Lie derivative
is also not a derivation. This Lie derivative is exactly the foundation of the φ 0 -bracket introduced in [18] . Certainly, by this Lie derivative we can only define the φ 0 -bracket of a 1-vector field and a k-vector field, and then by some rules one can obtain the bracket of any l-vector field and any k-vector field, see also [12] and [13] for more details.
Convention:
We denote a Jacobi algebroid by (A, ρ) and the associated Schouten-Jacobi algebra by
The notion of Courant-Jacobi algebroids was introduced in [13] . In [18] , the authors proved that they are the same as generalized Courant algebroids. They are generalizations of Courant algebroids introduced in [23] , see also [29] . In fact, Courant algebroids and Courant-Jacobi algebroids are all special cases of E-Courant algebroids introduced in [8] , where E is a vector bundle. 
, where K is a Courant-Jacobi algebroid, A ⊂ K is a Dirac structure and B is its transversal isotropic complement.
Remark 2.6. In [27] , the notion of quasi-Jacobi bialgebroids has already been introduced, which is motivated by [30] . Our definition is motivated by [16] . One can easily recover the six conditions in their definition and some of the constructions are given in the proof of the next theorem.
Theorem 2.7. There is a one-to-one correspondence between quasi-Jacobi bialgebroids and quasi-Manin triples.
Proof. Let ((A, ρ), δ, φ) be a quasi-Jacobi bialgebroid. Define the bundle map ρ * :
ρ * is not a homomorphism but we have
Define a bracket ⌈·, ·⌉ on Γ(A ⊕ A * ) by
is a Courant-Jacobi algebroid such that A is a Dirac structure and A * is its transversal isotropic complement.
Conversely, assume that (K, ·, · , ⌈·, ·⌉ , κ) is a Courant-Jacobi algebroid and A is a Dirac structure with a transversal isotropic complement B, by using the pairing, we can identify B with A * . Let ρ = κ| A be the restriction of κ on A, then (A, ρ) is a Jacobi algebroid. φ ∈ Γ(∧ 3 A) is defined by
Let ρ B = κ| B be the restriction of κ to B and [·, ·] B be the bracket on Γ(B) such that
3 Jacobi quasi-Nijenhuis algebroids
Remark 3.1. It is called a Jacobi bi-vector field because in the case that A = T M × R and the Lie algebroid structure on T M × R is given by
a bi-vector field is a pair (Λ, X), where Λ ∈ X 2 (M ) and X ∈ X(M ), and (Λ, X) is a Jacobi bi-vector field if and only if it is a Jacobi structure on M . See [17] and [4] for more details.
On Γ(A * ), we can introduce a Lie bracket ·, · π , which is induced by a Jacobi bi-vector field π:
is a Jacobi algebroid, where the Lie algebroid structure on A * is given by (A * , ·, · π , a • π ♯ ). In this case, we have
Proof. Since we also have the well known formula:
it follows that ·, · π is a Lie bracket if and only if π is a Jacobi bi-vector field. In this case, it is obvious
which implies * 1 = −π ♯ ( 1) and the proof is finished. 
where
In the case where N is a Nijenhuis operator, i.e. T (N ) = 0, the triple ((A, ρ), π, N ) is said to be a Jacobi-Nijenhuis algebroid.
Remark 3.4. The notion of a Jacobi-Nijenhuis algebroid has already appeared in [4] , where the author use the condition π, π N = 0 instead of C(π, N ) = 0. In fact, if C(π, N ) = 0, we can deduce that π, π N = 0, this is given by the next lemma Lemma 3.5. Let (A, ρ) be a Jacobi algebroid, the Jacobi bi-vector field π is compatible with the (1, 1)-tensor N , then we have π, π N = 0.
Proof. By (11), we can obtain
If π and N are compatible, we have
The conclusion follows from the fact that
and we obtain a degree 1 differential operator
by the following formula:
Definition 3.6. A Jacobi quasi-Nijenhuis algebroid is a quadruple ((A, ρ), π, N, φ), where (A, ρ) is a Jacobi algebroid, π ∈ Γ(∧ 2 A) is a Jacobi bi-vector field, N ∈ Γ(A * ⊗ A) is compatible with π, and φ ∈ Γ(∧ 3 A * ) satisfying φ = 0 and (i N φ) = 0, such that
Theorem 3.7. The quadruple ((A, ρ), π, N, φ) is a Jacobi quasi-Nijenhuis algebroid if and only if ((A * , ρ• π ♯ ), N , φ) is a quasi-Jacobi bialgebroid and φ = 0, where the Lie algebroid structure on A * is given by
We need the following two lemmas to prove the theorem. Proof. This lemma is a generalization of Proposition 3.2 in [22] , where one only need to prove that it holds for functions and 1-forms since it is a derivation with respect to the wedge product, ∧. Here one can prove similarly that N is a derivation for functions and 1-forms, but since N is no longer a derivation with respect to the wedge product, ∧, we can not say that it holds in general directly. But we will see that the obstruction of N to be a derivation is controlled by lower degree elements, therefore, we can still obtain that N is a derivation. In fact, since ω = dω + 1 ∧ ω, for any P ∈ Γ(∧ p A * ), we have
Thus, for any Q ∈ Γ(∧ q A * ), we have
On the other hand, by Proposition 3.2, for any R ∈ Γ(∧ r A * ), we have
Therefore, by direct computation, we have
This completes the proof.
Lemma 3.9. Let (A, ρ) be a Jacobi algebroid. A Jacobi bi-vector field π and a (1, 1)-tensor N are compatible. Then
Proof. By similar computations as in [31] , we can easily obtain N and φ, · π are no longer derivations with respect to the wedge product, ∧, next we prove that we can still get
On the other hand, we have
We only need to show
By direct computation, for any X, Y ∈ Γ(A), we have
This completes the proof. The proof of Theorem 3.7: By Proposition 3.2, π is a Jacobi bi-vector field is equivalent to that (A * , ρ • π ♯ ) is a Jacobi algebroid. By Lemma 3.8, N is a derivation is equivalent to π and N are compatible. If (i N φ) = 0 and φ = 0, we have N φ = i N φ − i N φ = 0. Conversely, if N φ = φ = 0, we have i N φ = 0. By Lemma 3.9, the proof is finished. Theorem 3.10. Let ((A, ρ) , π, N, φ) be a Jacobi quasi-Nijenhuis algebroid, then we have
Proof. By (11), for any ξ, η ∈ Γ(A * ), we have
The second equality holds is because C(π, N ) = 0. Since π is a Jacobi bi-vector field, we get the third equality. The last equality follows from the definition of a Jacobi quasi-Nijenhuis algebroid.
Generalized complex structures
Let (A, ρ) be a Jacobi algebroid. There is a natural pairing ·, · on A ⊕ A * which is given by
and we can introduce a bracket on the section space Γ(A) ⊕ Γ(A * ) which is given by
Obviously, (A ⊕ A * , ·, · , ⌈·, ·⌉ , ρ) is a Courant-Jacobi algebroid, where ρ(X + ξ) = ρ(X). In this section we study generalized complex structures on this Courant-Jacobi algebroid and we will see that they are related with Jacobi quasi-Nijenhuis algebroids in the same way as how generalized complex structures on a manifold are related with Poisson quasi-Nijenhuis structures. In the following two sections, we will see that generalized complex structures on this Courant-Jacobi algebroid unify the usual generalized complex structures on an even-dimensional manifold and generalized contact structures on an odd-dimensional manifold. 
and the integrability condition
where ·, · and ⌈·, ·⌉ are given by (15) and (16) respectively.
By (17), J must be of the form
, in which the following conditions are satisfied:
Similar as the proof of Proposition 2.2 in [9], we have
Proposition 4.2. For any generalized complex structure J given by (19) on the Courant-Jacobi algebroid (A ⊕ A * , ·, · , ⌈·, ·⌉ , ρ), π is a Jacobi bivector field. Thus there is an induced Jacobi structure on the base manifold M . Remark 4.3. The author gives his warmest thanks to the referee for pointing out this fact.
We deform a Courant-Jacobi algebroid using a bundle map J . More precisely, we introduce a new inner product ·, · J , a new bracket ⌈·, ·⌉ J and a new anchor ρ J by 
Proof. If J given by (19) is a generalized complex structure, first we note that ·, · J = ·, · . ⌈·, ·⌉ J is still a Leibniz bracket follows from (18) . Also by (18) , for any u, v ∈ Γ(A ⊕ A * ), we have
which implies ρ J is a homomorphism. Next we verity that the conditions (a), (b) in Definition 2.3 are satisfied. Since J preserves the inner product ·, · , we have
which implies that Condition (a) in Definition 2.3 is satisfied. Similarly, we have
is obvious. The converse part is straightforward and the proof is completed. Proof. One can easily see that for all X, Y ∈ Γ(A) and ξ, η ∈ Γ(A * ), we have
is a Courant-Jacobi algebroid, A * is a Dirac structure, and A is its isotropic transversal complement. By Theorem 2.7, we obtain a quasi-Jacobi bialgebroid. More precisely, we have
and the quasi-Jacobi bialgebroid is given by ((
Conversely, assume ((A, ρ), π, N, σ) is a Jacobi quasi-Nijenhuis algebroid, then ((A * , ρ•π ♯ ), N , σ) is a quasi-Jacobi bialgebroid and its double is a Courant-Jacobi algebroid, denote by E. It is straightforward to see that E is isomorphic to (A ⊕ A * , ·, · J , ⌈·, ·⌉ J , ρ J ). By Proposition 4.4 and Theorem 4.5, we have Theorem 4.6. Let (A, ρ) be a Jacobi algebroid. Assume that J : A ⊕ A * −→ A ⊕ A * is a bundle map given by (19) , then J is a generalized complex structure is equivalent to that ((A, ρ), π, N, σ) is a Jacobi quasi-Nijenhuis algebroid such that J is a Courant-Jacobi algebroid morphism from CourantJacobi algebroid (A ⊕ A * , ·, · J , ⌈·, ·⌉ J , ρ J ) to (A ⊕ A * , ·, · , ⌈·, ·⌉ , ρ), where the first one corresponds to the quasi-Jacobi bialgebroid ((A * , ρ • π ♯ ), N , σ).
Generalized complex structures on T M
In this section, we consider the case where the vector bundle A is the tangent bundle T M of a manifold M . Since the tangent Lie algebroid is a special Jacobi algebroid, it follows that generalized complex structures on a manifold M is a special case of what we discussed in the last section. Next we first recall the notion of generalized complex structures on a manifold M and then we deform the tangent Lie algebroid to be a Jacobi algebroid and study its generalized complex structures. Consider the generalized tangent bundle
on its section space Γ(T M ), there is a well known Dorfman bracket, explicitly,
Definition 5.1. A generalized complex structure on a manifold M is a bundle map J : T M −→ T M satisfying the algebraic properties:
and the integrability condition:
We consider the bracket (20) deformed by a 1-cocycle φ 0 in the deRham cohomology. More precisely, the new bracket ⌈·, ·⌉ is given by
It is easy to see that (Γ(T M ), ⌈·, ·⌉) is still a Leibniz algebra, but it is not a Courant algebroid since
In fact, φ 0 decides a representation ρ : T M −→ T M ⊕ R which is given by
Now (T M, ρ) is a Jacobi algebroid. We rewrite (21) as
Therefore, we obtain a Courant-Jacobi algebroid (T M, ·, · , ⌈·, ·⌉ , ρ), where ·, · , ⌈·, ·⌉ , ρ are given by (15) , (23) and (22) 
where ξ, η π is given by (10). (2). For a (1, 1)-tensor N satisfying N 2 = −Id and π ∈ X 2 (M ) satisfying
Remark 5.4. By (1) in Proposition 5.2, we can see that there are some generalized complex structures which are stable when the bracket is deformed by (21) . By (2), we see that how a conformal symplectic structure on a manifold relates with a generalized complex structure.
Generalized complex structures on E 1 (M)
Note that only even-dimensional manifolds can have generalized complex structures. In [19] , the authors give the odd-dimensional analogue of the concept of generalized complex structures.
, and there is a natural bilinear form ·, · on E 1 (M ) defined by:
There is also a bracket which is given by
For more information about L and d, see [19] .
satisfying the algebraic properties:
Here, ·, · and [·, ·] are given by (24) and (25) respectively.
We know that T M ⊕ R = D(M × R), the covariant differential operator bundle of the trivial line bundle M × R. In fact, we also have T * M ⊕ R = J(M × R), the first jet bundle of the trivial line bundle M × R. In [6] , the authors proved that for any vector bundle E, the first jet bundle JE may be considered as an E-dual bundle of DE, i.e.
We can introduce an E-valued pairing (·, ·) E on DE ⊕ JE by
Furthermore, for any d ∈ Γ(DE), the Lie derivative L d : Γ(JE) −→ Γ(JE) is defined by:
On the section space Γ(DE ⊕ JE), we can define a bracket as follows
Therefore, we have
, and we can rewrite (25) by (27) and (24) by
The following proposition is straightforward.
Proposition 6.2. The quadruple (E 1 (M ), ·, · , ⌈·, ·⌉ , Id) is a Courant-Jacobi algebroid, where ·, · and [·, ·] are given by (28) and (27) and Id(d + µ) = d. Therefore, generalized contact structures on an odd dimensional manifold is exactly generalized complex structures on this Courant-Jacobi algebroid. Therefore,
ϕ(Y ) = 0, η • ϕ = 0.
But, we should note that (30) follows from (29) . In fact, if η(Y ) = 1 and So Θ = 0 precisely means that ω − dη = 0, i.e. ω = dη. Since we also have η ∧ ω n = 0, it follows that η is a contact structure.
